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Abstract. An edge-colored graph G is called rainbow connected if any two vertices in
G are connected by a path whose no two its edges are colored the same. The rainbow
connection of G, denoted by rc(G), is the smallest number of colors that are needed such
as G be a rainbow connected graph. An edge-colored graph G is called strong rainbow
connected if any two vertices in G are connected by a geodesic whose no two its edges
are colored the same. The strong rainbow connection for G, denoted by src(G), is the
smallest number of colors that are needed such as G be a strong rainbow connected
graph.

In this paper, we determine rainbow connection number and strong number connectin
of line, middle and total of wheel.
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1. Introduction

The concept of rainbow connection was introduced by Gary Chartrand et al.
2008. For a nontrivial connected graph G and a positive integer k, let ¢ : E(G)
— {1,2,...,k} be an edge coloring of G, where the adjacent edges can be colored
the same. A path in G is called a rainbow path if no two its edges are colored the
same. G is called a rainbow-connected if every two vertices z and y in G, there
exists a rainbow x — y path. In this case, the coloring c is a rainbow coloring. If
¢ is a rainbow coloring with k colors are used, then c is a rainbow k-coloring. If k&
is the smallest number, then & is rainbow connection number r¢(G) of G. Clearly
diam(G) < rc(G), where diam(G) is the diameter of G.

Let ¢ an edge coloring of a nontrivial graph G. For two vertices  and y of G, a
rainbow x —y geodesic in G is a  —y rainbow path of length d(z,y). The graph G is
called a strongly rainbow-connected if every two vertices  and y in G, there exists
a rainbow x — y geodesic. In this case, the coloring c is called a strong rainbow
coloring of G. The smallest positive integer k for which G has a strong rainbow
k-coloring is the strong rainbow connection number of G, denoted by src(G).

Gary Chartrand et al. [2] provide that if G is a nontrivial connected graph with
size m, then

diam(G) < re(G) < sre(G) < m.
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In [2] Gary Chartrand et al. determined the rainbow connection number of some
classes of graphs.

2. Preliminary Notes

Definition 2.1. The line graph of a graph G, denoted by L(G), is a graph whose
vertices are the edges of G, and if u,v € E(G) then uv € E(L(G)) if u and v share
a verter in G.

Definition 2.2. Let G be a graph with vertex set V(G) and edge set E(G). The
middle graph of a graph G, denoted by M(G), is defined as follows. The vertex set
of M(G) is V(G)U E(G). Two vertices x,y in the vertex set of M(G) are adjacent
inM(G) in case one of the following holds:

(1) x,y are in E(G) and z,y are adjacent in G.
(2) xisin V(G), y is in E(G) and x,y are incident in G.

Definition 2.3. Let G be a graph with vertez set V(G) and edge set E(G). The
total graph of a graph G, denoted by T(G), is defined as follows. The vertex set of
T(G) is V(G) U E(GQ). Two vertices z,y in the vertex set of T(G) are adjacent
inT(G) in case one of the following holds:

(1) x,y are in V(G) and x is adjacent to y in G.
(2) x,y are in E(G) and z,y are adjacent in G.
(8) x is in V(G), y is in E(G) and x,y are incident in G.

3. Main Results
The definition of Line Wheel as follows,

VLW,)) = {vi | 1<i<n}U{w; |1<i<n) (3.1)

E(L(W,)) = {viv; |1 <4,j5 <n,i# j}U{vw; |1 <i<n}
{wle ‘ 1 S ) S n,Un+1 = ’Ul} U {wiwi_,_l | 1 S 1 S n, Wn+1 = wl}.
(3.2)
The definition of Middle Wheel as follows,

VIMW,)) ={u; |0<i<n}U{v; |1 <i<n}U{w; |1<i<n} (3.3)

EMW,)) = {uov; |1 <i<n}U{uwv;|1<i<n}
U{ujw; |1 <i<ntU{wi—qu; |1 <i<nwg=wy}
Ufvw; |1 <d,5 <n,i#jU{vw; [1<i<n}
U{wi—1v; |1 <i<nywp =wy} U{wi—qw; | 1 < i <nywyg =wp}.
(3.4)
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And the definition of Total Wheel as follows
VIIT(W,)) =Au; |0<i<n}U{v;|1<i<n}U{w;|1<i<n} (3.5)

E(T(Wy)) = {uow; | 1 <i<n}U{wuipr |1 <i<n,uppr =ur}
U{uv; | 1 <i<n}U{uv; |1 <i<n}
U{ujw; |1 <i<n}U{wiuipr |1 <i<nyupir =ur}
U{viv; |1 <45 <ni#jU{vw; |1 <i<n}
U{wivit1 |1 <i<nyvpp1 = v} U{wjwipr | 1 <@ <nywpq1 = wi )
(3.6)
The following are the diameter of line, middle, and total of wheel for n > 3.
2, n=34
3, n=>5H

diam(L(W,,)) = {

2, n=3
diam(M(W,;))) =<’
(M(W,)) {& .

2, n=3,4
3, n>5.

diam (T (Wy,)) = {

3.1. Rainbow Connection of Line Wheel

Theorem 3.1. Ifn >3 and G = L(W,,) is line of wheel, then

2, n=3,4
re(G) = sre(G) = ’ ’
(C) = sre(@) {& .

Figure 1. Rainbow coloring of line wheel Wy line wheel Wj

Proof.
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(1) Suppose that n = 3,4. Since diam(G) = 2, then rc¢(G) > 2. Next, it will be
shown that r¢(G) < 2. Since ¢11 : E(G) — {1,2} defined by

1, ee{vv; |1<4,j<mn,i#j}U{wwi|1<i<n-—1,7 is odd}
cr(e) = U{w,wy,n is odd}

2, e others

is a rainbow strong coloring, it follows that r¢(G) = sre(G) = 2 for n = 3,4.
(2) Suppose that n = 5. Since diam(G) = 2 for n = 5, then r¢(G) > 2 for n = 5.
Assume, to the contrary that re¢(G) < 2, for n = 5. Let ¢2 is a rainbow 2-
coloring. Without loss generality, assume that cjo(wiwy) = 1. For 1 < ¢ < 5,
there exists w;, w41, wire With wy41 = wy and wy42 = we in G which is
w; — w12 path with length 2 and so, ¢1a(waws) = 2. Since cia(wows) = 2,
it follows that cja(wswys) = 1. So cr2(waws) = 2 and cia(wswy) = 1. Since
c12(wswy) = 1 and ¢12(wrwy) = 1, there is no rainbow ws — we path which is
a contradiction. Therefore, rc¢(G) > 3.
Next, it will shown that r¢(G) < 3 for n = 5. Let ¢13 : E(G) — {1,2,3} is
an edge-coloring which is defined as follows

1, ee{vv; |1<4,j<n,i#j}U{w,w}
ciz(e) =<2, ec{wwipr |1 <i<n,vup =v1} U{wwir |1 <i<n,i is odd}
3, e others

It’s clear that for each two adjacent vertices in G has a rainbow path if each
edge of G is colored by c13. For 1 < 4,5 < n and a,b € V(G), there exists a
rainbow 3-coloring ¢13 such as there exists a rainbow a — b path with d(a, b) > 2
which are considered as follow.

(a) wi, wip1,w; if a = w;, b=w;j, i < j and d(a,b) = 2.

(b) w;,vi,v;,w; if a =w;, b=w,; and d(a,b) > 2.

(¢) vi,vj,wjif a =v; and b = w;.
Since there exists a rainbow geodesic a — b path for a,b € V(G), then ¢35 is a
strong rainbow 3-coloring. Therefore, r¢(G) = src(G) = 3 for n = 5.

(3) Finaly, Suppose that n > 5. Since diam(G) = 3 for n > 5, then r¢(G) > 3 for
n > 5. Next, it will shown that rc¢(G) < 3 for n > 5. For a,b € V(G), there
exists a strong rainbow 3-coloring ci3 such as there exists a rainbow geodesic
a — b path Therefore, rc¢(G) = sre(G) = 3 for n > 5. O

3.2. Rainbow Connection of Middle Wheel

Theorem 3.2. Ifn >3 and G = M(W,,) is middle of wheel, then

2, n=3
re(G) =43, 4<n<9
4, n>10

Proof.
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(1) Suppose that n = 3. Since diam(G) = 2, then rc¢(G) > 2. Next, it will shown
that r¢(G) < 2. There exists a rainbow 2-coloring co; : E(G) — {1,2} which is

defined as
(@ 1, ee{uov; |1 <i<n}U{ww; |1 <i<n}U{vv; |[1<4,j<n,i#j
co1l€) =
2, e others.

{37)

Therefore, re(G) = 2 for n = 3.
(2) Suppose that 4 < n < 9. Since diam(G) = 3 for n > 4, then rc(G) > 3. Let
caz 2 E(G) — {1,2,3} is an edge coloring which is defined as follows

L oe€f{uovi [4<i<npU{uw; [1<i<3}U{uw; [1<i<nju
{viv; [4<4,5 <nyi# j)} U{viw; |1 <i <3}
{viw;—1 |1 <i <3, wp =wy,}
ca2(e) =<2, ee{uw; |4<i<6}U{wwir|1<i<n,w,11=w U
{viw; |4 <i <6} U{vw;—1 |4<i<6}U
{viv; |1 <i<3,7<j<n}

3, e others.

For a,b € V(G) with d(a,b) > 2, there exists a rainbow 3-coloring ca2 such
as there exists a rainbow a — b path are considered as follows:
(a) w4, 03,05, u; Or u;, wi, wj—1,w; where wy = wy, if @ = u; and b = u;,
(b) wi,v;,v; if a = u; and b= vy,
(c) U;, Wi, Wy OF Us, Vi, V5 + 1, w; where vy = vy if @ = u; and b = wy,
(d) ws,wj—1,uj,w; or w;,u;, uj, wj if a = w; and b = w;.
Therefore, r¢(G) = 3 for 4 <n < 9.

(3) Suppose that n > 10. Let H is a subgraph of G, where V(H) = {u; | 1 <i <
n}U{w; |1 <i<n} CV(G)and E(H) = {uw; |1 <i<n}U{w—qu; | 1<
i <mywg=wp}U{wi—iw; |1 <i<nywy=w,} CEG). Let V' ={v; | 1 <
i <n}and E' = {wv; | 1 <i <n}. Asume, to the contrary that r¢(G) > 3. Let
o3 18 a rainbow 3-coloring in G. So, there exist x,y € {u; | 1 <i<n} C V(H)
and 2’,y" € V' such as d(x,y) > 3 in H, zz’,yy’ € E', and za’,yy’ are assigned
the same. Since z,x’,y’,y is the only x — y path which has d(z,y) = 3 in G, it
follows that there is no rainbow = —y path in G, which is a contradiction. Thus
re(G) > 4.

Next, it will shown that rc¢(G) < 4. Let caq4 : E(G) — {1,2,3,4} is an edge
coloring which is defined as

1, ee{uv; |1 <i<n}U{vu; |1<4,j<n,i#j}

(@) 2, e€{uv;|1<i<n and i is odd} U{vw;—1 |1 <i<n,wy = wy}

Coyl€) =
3, e€{uv;|2<i<n and i iseven} U {vw; |1 <i<n}

e others.

)

For a,b € V(G) with d(a,b) > 2, there exists a rainbow 4-coloring coy4 such as
the rainbow a — b path are considered as follow.



22 Lyra Yulianti and Muhardiansyah
(a) If a =wu; and b = u;
i. a=wu4,v;,v5,wj,u; =bif ¢ and j are both odd.
ii. @ =wu;,v;,v5,wj—1,v; =bif 7 and j are both even.
iii. a = u;,vs,v5,u; =0bif 7 is odd and j is even or ¢ is even and j is odd.

(b) w;,vi, v, w; or @ = Uy, Vi, Vjr1, w; where vy = v1 if @ = v; and b = w;.
(¢) a=w;,viy1,v5,w; =bif a = w; and b = w;.

Therefore, rc(G) = 4 for n > 10.

Figure 2. Rainbow coloring of middle wheel W, for n = 3,9, 10.

We defined an edge coloring ca5 : E(W,,) — {1,2,...,[5]} for middle of wheel
W,, for n > 4 as follows.

(1) If n mod 3#1,

4], ee{wi—1vi |1 <i<nwo=w,}U{uw; |1 <i<n}U
{vyw; | 1 <i<n}
cas(e) = € f(i), e€{wi—iu; |i<i<nywy=w,}U{uw;|1<i<n}uU

{wi—iw; |1 <i<nywy =wy}

k, ee{vw; |1<i<n,1<j<n,i<jtU{uv;|1<j<n}



ON THE RAINBOW CONNECTION OF LINE, MIDDLE, DAN TOTAL FROM WHEEL 23
(2) If n mod 3=1,

4], e€{wi—v; |1 <i<nwy=w,}U{uw; |1<i<n}U
{viw; | 1 <i<n}
f@), ee{wi—qu; |i<i<n—1lywy=w,}U{uw; |1 <i<n-1}U

cos(e) =
25(c) {wicqw; [1<i<n—1,wo =w,}
k, ec{vv; |1 <i<n,1<j<n,i<jlU{uw;|1<j<n}
2a A {wn—lunaunwnawn—lwn}
Where,
i, ifi=1,2
f(i) =< imod 3, if imod3#0
3, if imod3=0

and k is a number which is assigned to e = v;v; where k # c(vju;) # c(vju;).

Theorem 3.3. Ifn >3 and G = M(W,,) is middle of wheel, then

Proof.

(1) Suppose that n = 3. Since r¢(G) = 2 for n = 3 in theorem 3.2, then src(G) > 2.
Next, it will show that src(G) < 2. Since cg; is a strong rainbow 2-coloring which
is defined in 3.7, it follows that src(G) = 2 for n = 3.

(2) Suppose that 4 < n < 9. Since re¢(G) = 3 for 4 < n <9, then src¢(G) > 3.
Next it will shown that src¢(G) < 3. Next, to show that src(G) < 3, we provide
a strong rainbow 3-coloring which is defined by ca5. Therefore, sre(G) = 3 for
4<n<09.

(3) Suppose n > 10. Then there is an integer z such that 3z —2 < n < 3z. Let G
consists of an n-cycle Cy, : uy, ug,...,un,u; and V* = {v; | 1 < i < n}. First,
it will shown that sre(G) > z. Assume, to the contrary, that sre(G) < z — 1.
Let ¢ be a strong rainbow (z — 1)-coloring of G. Since d(v) =n+2 > 3(z — 1)
for v € V* in G, there exists V' C V(C},) such that |V’| = 4 and all edges
{uv | w € V',v € V*, wu and v are adjacent} are assigned the same. Thus
there exist at least two vertices x,y € V' such that d(x,y) > 3 in C, and
d(z,y) = 3 in G. Let E' = {uv; | 1 < i < n} C E(G). Since z, 2",y ,y
(za',yy' € E') is the only z — y geodesic in G, it follows that there is no
rainbow x — y geodesic in G, which is a contradiction. Thus src(G) > z.

Next, to show that sre(G) < z, we provide a strong rainbow z-coloring

which is defined by co5. Therefore, sre(G) = [n/3] for n > 10. O
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3.3. Rainbow Connection of Total Wheel

Theorem 3.4. Ifn >3 and G = T(W,,) is total of wheel, then

2 =3.4
rc(G)z{’n ’

Figure 3. The rainbow coloring of total W4 and total Wg

Proof.

(1) Suppose that n = 3,4. Since diam(G) = 2 for n = 3,4, then rc(G) > 2. Next,
it will shown that rc¢(G) < 2. Since ¢31 : E(G) — {1,2} defined by
1, ec{upu; |1 <i<n}U{uwuiyr|1<i<n,i is odd,ujt1 = us}U
{upv; | 1 <i<npU{ww; |1 <i<n}U{vw; |1<14,5<n,i#j}
cai(e) = c (3.8)
W{wiwit1 |1 <i<n,i is odd,wp41 =wy}
2, e others
is a rainbow 2-coloring, it follows that rc¢(G) = 2 for n = 3, 4.
(2) Suppose that n > 5. Since diam(G) = 3, then r¢(G) > 3. Next, it will shown
that r¢(G) < 3. Let ¢32 : E(G) — {1,2,3} is a rainbow 3-coloring which is
defined by
1, e€{uou; |1 <i<m,i isodd}U{ugv; |1 <i<n}U
{viv; |1 <4, <m,i #j}
c3a(e) =<2, ee{upu; |2<i<mn,iiseven}U{vu; |1<i<n,i isodd}U

{vaw;_1 | 1 <i < nywg = wy}

3, e others.
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For a,b € V(G), there exists a rainbow 3-coloring cs2 such as the rainbow
a — b path are considered as follow.

(a) If a =u,; dan b=,
i. @ =wu;,v9,vj-1,u; = b if 7, j are both odd or 4, j are both even.
ii. @ =wu;,up,u; =bif i is odd and j is even, or i is even and j is odd.
(b) v;,vj,u; if a = v; and b = u,.
(¢) us, v, v, w5 Or Uy, U, V41, w; if @ =u; and b= w.
(d) v;,vj,w; if a = v; and b = w;.

(e) a=w;,viy1,v5,w; =bif a =w, and b = w;.

Therefore, r¢(G) = 3 for re(G) > 5 |

We defined an edge coloring ¢33 : E(W,) — {1,2,...,[5]} for middle of wheel
W,, for n > 5 as follows.

o If n is even

[4], ee{uou; |1 <i<n}

1, ec{uov; |1 <i<n}U{vw; |1<4,j <n,i#j}U{uuip |
1<i<n-—1,i isodd}U{ww;41 |1 <i<n—1,7 is odd}
Wuw; |1 <i<n-—1,i isodd} U{wuip1 |1 <i<n-—1,
i is odd}

cas(€) = 2, efu; [1<i<n}U{vwi1|1<i<n,i#jw,=uw}
U{uitipr |2 <@ <myi is even, up gy = ur} U{wiwig |
2 <i<n,i iseven, w1 =wi}U{uw; |2<i<n,
i is even} U{wiuiy1 |2 <4 <n,i is even, upq1 = 1}
3, e others.
e If nis odd

(4], e€{upu; |1 <i<n}

1, ee{upv; |1 <i<n}U{vv; |1<4,j<n,i#j}U{uuiy |
1<i<n—2,iisodd}U{wjwi+1 |1 <i<n-—2,i is odd}
U{ww; |1 <i<n-—2,4 is odd} U{wupr |1 <i<n-—2,
i is odd}

2, ee{uw; |1 <i<n}U{vwi—1|1<i<n,i#jw,=w}U
{wiwipr |2 <i<n—1,i is even, upy1 = w1} U{wwiyq |
2<i<n-—14 iseven,w,11 = w} U{uw; |2<i<n-—1,
i iseventU{wu;q1 |2<i<n—1,i is even,u,y; = u1}

3, e others.
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Theorem 3.5. Ifn >3 and G = T(W,,) is total of wheel, then

2, n=34
sre(G) = 93, 5<n<9
[n/3], n>10

Proof.

(1)

(2)

Suppose that n = 3,4. Since r¢(G) = 2 for n = 3,4 in theorem 3.4, then
sre(G) > 2. Next, it will show that sre(G) < 2. Since c31 is a strong rainbow
2-coloring which is defined in 3.8, it follows that src(G) = 2 for n = 3, 4.
Suppose that 5 < n < 9. Since r¢(G) = 3 for n > 5 in theorem 3.4, then
sre(G) > 3. To show that sre(G) < 3, we provide a strong rainbow 3-coloring
which is defined by cs3. Therefore, sr¢(G) =3 for 5 <n < 7.

Suppose that n > 10. Then there is an integer k£ such that 3k — 2 < n < 3k.
Let G consists of an n-cycle C), : ui,us,...,u,,u;. First, it will shown that
sre(G) > k. Assume, to the contrary, that sre(G) < k — 1. Let ¢34 be a strong
rainbow (k — 1)-coloring of G. Since d(ug) = 2n > 3(k — 1), there exists V* C
V(C,,) such that |[V*| =4 and all edges {uug | u € V*} are assigned the same.
Thus there exist at least two vertices a,b € V* such that d(a,b) > 3 in C,
and d(a,b) = 2 in G. Since a,ugp,b is the only a — b geodesic in G, it follows
that there is no rainbow a — b geodesic in G, which is a contradiction. Thus

sre(G) > k.
Next, to show that sre(G) < k, we provide a strong rainbow k-coloring
which is defined by c¢33. Therefore, sre(G) = [n/3] for n > 10. |
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